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Abstract. In this paper, we study the uniqueness of the differential-difference
of meromorphic functions. We prove the following result: Let f be a noncon-
stant meromorphic function of ρ2(f) < 1, let η be a non-zero complex number,
n ≥ 1, k ≥ 0 two integers and let a 6≡ 0,∞ be a small function of f . If f and
(∆nη f)
(k) share 0,∞ CM and share a IM, then f ≡ (∆nηf)
(k), which use a
completely different method to improve some results due to Chen-Xu [1].
1. Introduction and main results
In this paper, we use the standard denotations in the Nevanlinna value distribu-
tion theory, see([9,17,18]). Throughout this paper, f(z) is a meromorphic function
on the whole complex plane. S(r, f) means that S(r, f) = o(T (r, f)), as r → ∞










by the order, lower order and the hyper-order of f , respectively.
A meromorphic function a(z) satisfying T (r, a) = S(r, f) is called a small func-
tion of f . We say that two nonconstant meromorphic functions f and g share small
function a CM(IM) if f − a and g − a have the same zeros counting multiplicities
(ignoring multiplicities).
Let f(z) be a meromorphic function, and a finite complex number η. we define
its difference operators by





In recent years, there has been tremendous interests in developing the value
distribution of meromorphic functions with respect to difference analogue.
In 2011, Heittokangas et al [10] proved a uniqueness Theorem of meromorphic
function concerning shift.
Theorem A Let f(z) be a nonconstant meromorphic function of finite order, let
η be a nonzero finite complex value, and let a, b, c be three distinct complex values
in the extended plane. If f(z) and f(z + η) share a, b, c CM, then f(z) ≡ f(z + η).
Corresponding to Theorem 3, Cui-Chen [5], Li-Yi-Kang [11], Lü-Lü [13] proved
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Theorem B Let f(z) be a transcendental meromorphic function of finite order,
let η be a non-zero complex number, and let a and b be two distinct complex
numbers. If f(z) and ∆ηf(z) share a, b, ∞ CM, then f(z) ≡ ∆ηf(z).
It’s naturally to ask a question from Theorem B that
Question 1 Can ”3 CM” be replaced by ”2 CM+1 IM”?
In 2020, Chen-Xu [1] proved.
Theorem C Let f be a transcendental entire function of ρ2(f) < 1, let η be a
non-zero complex number, n ≥ 1 a integer and let a 6≡ 0,∞ be a complex value. If
f and ∆ηf share 0,∞ CM and share a IM, then f ≡ ∆ηf .
In real analysis, the time-delay differential equation f ′(x) = f(x− k), k > 0 has
been extensively studied. As for a complex variable counterpart, Liu and Dong
[12]studied the complex differential-difference equation f ′(z) = f(z + c), where c
is a non-zero constant. In [15], Qi-Li-Yang investigated the value sharing problem
related to f ′(z) and f(z + c), and proved
Theorem D Let f be a nonconstant entire function of finite order, and let a, c
be two nonzero finite complex values. If f ′(z) and f(z + c) share 0, a CM, then
f ′(z) ≡ f(z + c).
Recently, Qi and Yang [16] improved Theorem E and proved
Theorem E Let f be a nonconstant entire function of finite order, and let a, c
be two nonzero finite complex values. If f ′(z) and f(z + c) share 0 CM and a IM,
then f ′(z) ≡ f(z + c).
According to Theorem C and Theorem E, we can pose a question.
Question 2 Let f be a nonconstant meromorphic function of ρ2(f) < 1, let
η be a non-zero complex number, n ≥ 1, k ≥ 0 two integers and let a 6≡ 0,∞
be a small function of f . If f and (∆nηf)
(k) share 0,∞ CM and share a IM, is
f(z) ≡ (∆nηf(z))
(k)?
We give a positive answer to above question. We prove.
Theorem 1 Let f be a transcendental meromorphic function of ρ2(f) < 1, let
η be a non-zero complex number, n ≥ 1, k ≥ 0 two integers and let a 6≡ 0,∞
be a rational function. If f and (∆nηf)
(k) share 0,∞ CM and share a IM, then
f ≡ (∆nηf)
(k).
we will see in section 3, there is nothing to do with k, that is to say when k = 0,
we can get the following corollary.
Corollary Let f be a transcendental meromorphic function of ρ2(f) < 1, let
η be a non-zero complex number, n ≥ 1 a integer and let a 6≡ 0,∞ be a rational
function. If f and ∆nηf share 0,∞ CM and share a IM, then f ≡ ∆
n
ηf .
Example 1 Let f(z) = eiz, and η = π2 . Then (∆
n
ηf(z))
(k) = in(i− 1)neiz . Easy
to see that f(z) and (∆nηf(z))
(k) share 0 and ∞ CM, but f(z) 6≡ (∆nηf(z))
(k).
Example 2 Let f(z) = ez, and η = log4. Then (∆nηf(z))
(k) = 3nez. Easy to
see that f(z) and (∆nηf(z))
(k) share 0 and ∞ CM, but f(z) 6≡ (∆nηf(z))
(k).
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Example 3 Let f(z) = e
z




e2z−1 . Easy to
see that f(z) and ∆nηf(z) share 0 and ∞ CM, but f(z) 6≡ ∆
n
ηf(z).
Above three examples show that the conditions ”2 CM+1 IM” is necessary.
A natural question from Theorem 1 is that what happens if sharing 0 CM is
replaced by sharing a nonzero value a CM? Hence we raise a question.
Question Let f be a transcendental meromorphic function of ρ2(f) < 1, let η
be a non-zero complex number, n ≥ 1, k ≥ 0 two integers and let a 6= 0 be a finite
complex number, and b 6≡ ∞ a rational function. If f and (∆nηf)
(k) share a,∞ CM
and share b IM, is f ≡ (∆nηf)
(k) still valid?
2. Some Lemmas
Lemma 2.1. [8] Let f be a nonconstant meromorphic function of ρ2(f) < 1, and




) = S(r, f),
for all r outside of a possible exceptional set E with finite logarithmic measure.
Lemma 2.2. [8] Let f be a nonconstant meromorphic function of ρ2(f) < 1, and
let η 6= 0 be a finite complex number. Then
T (r, f(z + η)) = T (r, f(z)) + S(r, f).
Lemma 2.3. [9, 17] Let f and g be two nonconstant meromorphic functions with
ρ(f) and ρ(g) as their orders respectively. Then
ρ(fg) ≤ max{ρ(f), ρ(g)}.
Lemma 2.4. [9, 17] Let f = eh be an entire functions with ρ2(f) < 1, where h is
a polynomial. Then ρ(f) = deg(h), and ρ(f) = λ(f).
3. The proof of Theorem 1
Assume that f 6≡ (∆nηf)
(k). Since f is a transcendental meromorphic function
of ρ2(f) < 1, f and (∆
n
ηf)






then by Lemma 2.1




) = S(r, f). (3.2)




= ep − 1, (3.3)
then from the fact that f and (∆nηf)







) ≤ T (r, ep) = S(r, f). (3.4)
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From the fact that f and (∆nηf)













(∆nη (f − a))
(k)
) + S(r, f)
≤ 2T (r, (∆nηf)
(k))−N(r,
1






) + S(r, f),
which implies
2T (r, f) ≤ 2T (r, (∆nηf)
(k))−N(r,
1
(∆nη (f − a))
(k)
) + S(r, f). (3.5)
We can deduce from (3.1) that
T (r, f) = T (r, (∆nηf)
(k)) + S(r, f). (3.6)
Combing (3.5) with (3.6), we get
N(r,
1
(∆nη (f − a))
(k)
) = S(r, f). (3.7)
Set
ψ =















) = S(r, f), (3.9)




(k)) = S(r, f). (3.10)
Hence by Lemma 2.2, we have
T (r, ψ) = m(r, ψ) +N(r, ψ)
≤ m(r,






) + S(r, f)
≤ S(r, f). (3.11)
(3.1) subtract (3.8),
(ep − ψ)f + (∆nηa)
(k) − aψ ≡ 0. (3.12)
We discuss following two cases.
Case 1 ep 6≡ ψ. Then by (3.12) we obtain T (r, f) = S(r, f), a contradiction.
Case 2 ep ≡ ψ. Easy to see from (3.12) that
(∆nηa)
(k) = epa. (3.13)
We claim that p is a constant. Otherwise, if p is a nonconstant polynomial, then





) ≤ max{a, (∆nηa)
(k)} < 1, (3.14)
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which contradicts with λ(ep) ≥ 1. Thus, p is a constant. We set ep = c to be a
nonzero constant, then (3.13) implies (∆nηa)
(k) = ca. However, since a is a rational
function, and according to a simple calculation, we can not obtain (∆nηa)
(k) = ca,
a contradiction.
From above discussion, we have f ≡ (∆nηf)
(k). This completes the proof of
Theorem 1.
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